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The Weyl-gauge {Aq = 0) QCD Hamiltonian is unitarily transformed to a representation in 
which it is expressed entirely in terms of gauge-invariant quark and gluon fields. In a subspace 
of gauge-invariant states we have constructed that implement the non-Abelian Gauss's law, this 
unitarily transformed Weyl-gauge Hamiltonian can be further transformed and, under appropriate 
circumstances, can be identified with the QCD Hamiltonian in the Coulomb gauge. To circumvent 
the problem that this Hamiltonian, which is expressed entirely in terms of gauge-invariant variables, 
must be used with nonnormalizable complicated states that implement the non-Abelian Gauss's 
law, we demonstrate an isomorphism that materially facilitates the application of this Hamiltonian 
to a variety of physical processes, including the evaluation of 5-matrix elements. This isomorphism 
relates the gauge-invariant representation of the Hamiltonian and the required set of gauge- invariant 
states to a Hamiltonian of the same functional form but dependent on ordinary unconstrained Weyl- 
gauge fields operating within a space of 'standard' perturbative states. The fact that the gauge- 
invariant chromoelectric field is not hermitian has important implications for the functional form 
of the Hamiltonian finally obtained. When this nonhermiticity is taken into account, the 'extra' 
perturbative terms in Christ and Lee's Coulomb-gauge Hamiltonian are natural outgrowths of the 
formalism. When this nonhermiticity is neglected, the Hamiltonian used in the earlier work of 
Gribov and others results. 



Quantum Chromodynamics (QCD) exists in a variety of gauges; and the appearance of the Hamiltonian is pro- 
foundly different in the various gauges. In Quantum Electrodynamics (QED), in which a similar situation prevails, 
it has been possible to show that this dependence of the Hamiltonian on the gauge stems largely from the fact that 
the charged particles created from the vacuum by the charged fields and their conjugate momenta are not the same 
in different gauges — for example, in Coulomb-gauge QED, the spinor fields create electrons accompanied by their 
spherically symmetric gauge fields, while the same operators in the covariant gauges create 'bare' Dirac electrons 
unaccompanied by any electric or magnetic fields. In the spatial axial gauge, the electron is accompanied by an 
electric field that suffices for satisfying Gauss's law, but that is severely anisotropic. It is this that causes the form of 
Hamiltonians to depend so greatly on the choice of gauge. It has been possible to show that when differences in the 
definition of charged-particle creation and annihilation operators are taken into account by imposing gauge-invariance 
(or isotropy, in the case of the spatial axial gauge), the Hamiltonians for QED in different gauges become remarkably 
similar. In this paper we will review work in which a similar result is obtained for QCD for the Weyl and Coulomb 
gauges. By imposing gauge invariance on the operator-valued fields in Weyl-gauge QCD, we bring the Hamiltonian 
to a form that is almost identical to the Coulomb-gauge Hamiltonian, but that still describes the Weyl gauge. In the 
process, we also clarify some features of the Coulomb-gauge QCD Hamiltonian. 

The basis for this work is the construction of states |^) that implement the non-Abelian Gauss's law, ^"^(r)!^) ~ 0, 
where the 'Gauss's law operator' ^"(r) is related to its constituent fields in the Weyl {Aq — 0) gauge as shown by 

_D,n°(r) = e;''(r) 

g'^{r)^d.nnr)+9r''A'i{rmr)+jS{r), (1) 
V ' 

where Ilf is the momentum conjugate to Af, and ('") = 5'0^(r)^V'(r)- We have constructed such a set of states for 
the 'pure glue' Gauss's law operator g°'{r) — £>iH°(r) by solving the equation 

{d,Unr) + JS{r)}^m=0, (2) 

where we have chosen to be a state that obeys the Abelianized Gauss's law, diHf {r)\(f>) = 0. 2] This requires that 
the operator-valued \E' obey the 'soft' equation, 

[d.nf{r),^]^~JS{r)^, (3) 
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which is only vaHd when both sides of Eq. @ act on ](}>) states, so that any operators with 5^11° on their extreme 
right-hand sides drop out. 

Eq. 10) is suggestive of a solution for ^ in the form of an exponential. But a form ^E* ~ exp(Q;) is not a viable 
candidate solution because, in the commutator of 9^11^ with a representative term in exp(a). 



f. 0^ 



[9in°(r) , a] will not generally commute with a, so that a simple exponential function will not satisfy Eq. ©. In 
Ref. 121, we have found a solution in the form 



* = II exp(^) II , (4) 

in which 



and is the 'resolvent field'. The resolvent field is an operator- valued functional of the gauge field and is 

independent of the conjugate momentum lij . The resolvent field is central to this work, and largely determines the 
properties of gauge-invariant fields and of Weyl-gauge QCD represented in terms of those gauge-invariant fields. The 
II ||-ordered product is defined so that all functionals of are to the left of all functionals of 11^ . 

The 'soft' equation ^ has been shown to be equivalent to the equation 

n = l •' 

in which 3^(r) = ^:4^(r), Mt{r) ^DLiJ^W, and '^^i^v) = af(r)+ [i,, - ^%^) If(r) where V-^^^^. (r) 

is a 'source' term dependent on the gauge field and af (r) is the transverse part of the gauge field); ^'^^^ is the 
chain of structure constants 

y(S/57 _ jq[1];36[1] yf)[l]a[2]f)[2] j&[2]a[3]b[3] ^ ^ j6[n-2]a[n-l]&[rt-l] jb[n-l]a[n]7 



Eq. © can easily be seen to be a nonlinear integral equation for the resolvent field, since appears in ^^'^ 
highly multilinear forms in AtJ^,-) on the right-hand side of this equation. Eq. © has a formal iterative solution; 0,01 
when Eq. © is specialized to the SU(2) case, and the resolvent field is given a c-number 'hedgehog' realization, 
noniterated solutions can be found that demonstrate topological sectors with half-integral as well as integral winding 
numbers. Q 

The mathematical apparatus developed to construct 5* also is instrumental in the construction of gauge-invariant 
fields. We observe that the Gauss's law operator Q°'{v) and its pure glue version, t/°(r) = 9in"(r) -I- ^/'^''^A^ (r)n^(r), 
are unitarily related as shown by 

g"(r) =Z^cS"(r)Wc ^ where Z^c = e'^oe'^" (7) 



and where Co = i J drX°'{r)j^{r) and C = i J dr (r) (r) . 

With this unitary equivalence, we are free to interpret t/"(r) not as the pure glue Gauss's law operator, but as the 
complete Gauss's law operator in a new representation, which we call the Af representation. In this Af representation, 
it is manifest that the spinor (quark) field -0 is gauge- invariant since it trivially commutes with 5°, the generator of 
infinitesimal gauge transformations. To find the gauge-invariant quark field in the original representation — the C 
representation — we simply invert the transformation in Eq. Q to obtain 



V-GiW -Fc(r)V(r) and V^|(r) = V^(r) F^^^r), 



(8) 
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where Vcir) = exp ( -ig3^°(r)^ ) exp (-^^^'"(r)^) . 
Under a gauge transformation that transforms "0 as 

ip^e^pi-iLu^ ^)4> , (9) 

Vc transforms as 

Fc^l/cexp(zw^^), (10) 

so that V'Gi(r) is strictly gauge-invariant. |^ It is clear that Vc has the formal structure of a gauge transformation 
because there is always a Z" such that 

Vc =cxp[~igZ°'^] and exp[-igZ"^] ^ expl-igy"^ exp [-i^A-"^] . (11) 

Vc is not, in fact, a gauge transformation because -Z", rather than being a gauge function by which a field is 
transformed, is itself an operator-valued functional of the gauge field that is subject to gauge transformations as 
shown in Eq. lfTU|l . Nevertheless, the formal structure of Eq. (jSJ enables us to construct the gauge-invariant gauge 
(gluon) field 



AGH(r) = [A^„(r) ^] = Vcir) [A^ir) >^]V,-\r) + ^ Vc{r) d,V,-\r) , 

or, equivalently, 

It is also possible to define a gauge-invariant negative chromoelectric field IIq ^(r) 

nGH(i-) = i?ah(r)n^(r) where Rab = kM>^"VcX\-'] 



A'(r) 



S - ^ 



{Al + Atir)} 



(12) 



(13) 



(14) 



Rab and 11^ do not commute, so that IIq ^ is not hermitian. For the SU(2) case, these gauge-invariant quantities have 
been shown to obey the commutation rules 



ngu(x),<^.(y)] ^^g{^,V-\^,y)e'''Pul^{y)~^,V0'^{y,K)e'^^'^nl^{^)} 



(15) 



and [n^|,(y) , Ag, ,(x)] = -z ,5,b%<5(y - x) - O^V'^y, x) (x 



(16) 



which agree with those given by Schwinger for Yang-Mills theory in the Coulomb gauge modulo operator order 
Schwinger's fields are symmetrized, whereas we never make ad hoc changes to operator order. 
We can express the Weyl gauge Hamiltonian 

H = [dr{ in,nr)nf (r) + ii^^- (r)i^';. (r) + ^t(r) [(3ni - ia, {d, - igAt{r)^) ] ^(r)} 



(17) 

in terms of gauge-invariant fields by transforming it from the C to the Af representation. In this process we use the 
identities 

Ra<iRbg = Sab, f'^^'RuaRvb^ r'"'Rdq, and 8, Rba = - Rua Pv^ whcrc P„ ^ ~iTr[X''Vc O^Vc^'] 



and Uc-\^)nn^)Uc{^) = H^x) - Rba{^)d't^ j dyV'-'^{^,y)]^{y) , 

which was demonstrated in Refs. H,I3- With Eq. (|14|l and 

FGV,,(r) = d,Al,^{v) - d,Al,^{v) - ge'^^^Al,,{v)Al,^{v) = Ra,{v)F^,{v) 



(18) 



and with Jo"(Gi) (r) = gr^Al, , (r)na, , (r) and 



(19) 
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we obtain 



Ha ^ / dr 



gg,(r) = 9,ng,,(r) +gr''^^^,,(r)na,,(r) = RabWir) (20) 
i 1 dxdy (^J„";<-,)(x)P"''(x,y)jo'(y) + j„^(y) P^'' (y, x) Jo^^gi) w) " 

i J drdxdyj§(y) P^'' (y, r)a2l?«^(r, x)jo^(x) - y drjf(r)A^| ,(r) + Hg , (21) 



where 



HG = -lj dxdy[c;a,(x)P"^(x,y)j§(y) + Jo^(y)I?^'^(y,x)C;a,(x)] . (22) 

In Eqs. (fT^ . (fT?)|l . (|^ and f^ . I?''^(y,x) is the inverse Faddeev-Popov operator defined by 

d-D'l^)V''\y,^)^6ab5{y-^) (23) 

where D"^^ — diSah + Qf^'^^^QM- Eq. H21I) has many features that suggest a Coulomb-gauge formulation — the 
nonlocal interactions among color-charge densities and the fact that the interaction between the transverse Aq^ ^ and 
the spatial current density jf (r) is the only direct 'contact' interactions between quarks and gluons. Eq. H21|l can be 
transformed further by noting that for states j^*) that implement Gauss's law in the M representation 

naiM*>=-^4(Gi)l*> so that (24) 

^o(G,)l*> = gr'^^lu (n^u + n^h) l^> = {^"(g,) - ^r'^^Lffr^^G,)} l^> > (25) 

leading to the elimination of the longitudinal chromoelectric field as shown in 

■/o(G,)(y)«5'/'^x2''"^(y.x)^YGi)(x) and Jo\%(y)«a2y'dxj„YGo(^)^"(y'^)' (^6) 

where Jq^^i) — (//"^'^Aq jXIg/^ and Jq(^|-, represents the hermitian adjoint of Jq^q^-^ and where, in this case, « indicates 
that the equations only hold within a space of I^E") states that implement the non-Abelian Gauss's law. Using these 
relations, we obtain a Hamiltonian that operates in the 'physical' space of states that implement Gauss's law — the 
1 4*) states — and discard Hg, which annihilates these states. The resulting 'physical' Hamiltonian is 

(^Gi)phys = /c^r [ in^,V(r)ng,T,(r) + \FSuA^)FS^^,{^) + (/3m - za,9,) V'(r)] - j dvjt{v)Al,,{v) 

-\ J drdxrfy (jo^(x)) + JqYgVx)) V^" {r,^)d'V'^^{r,y) (jS(y)) + J^J^^iy)) . (27) 

(IfcOphys ^s very nearly identical to Gribov's Hamiltonian except that Gribov seems to have implicitly assumed that 
the transverse chromoelectric field is hermitian. [Toj But in fact, it is not, as can be seen from 

In order to make effective use of (ffGi)pj^yg, it is necessary to remove the restriction that the very complicated and 
nonnormalizable |^) states must be used. This has been done by demonstrating that 

^Gb-(r)*l0.>=*^-^(r)|4) and U^^J^ir)^ \cly,) ^ ^ Uf {vM) . (29) 

We could use Eq. H29(l to eliminate the restriction to |^') states, but the fact that there is no similar relation for H^,*^^, 
the hermitian adjoint of Hg,'-, is an impediment to that program. We address that problem by making use of the fact 
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(proven in Appendix B of Ref. 0) that ^olj' — J ^^^jJ ^ where J is the Faddeev-Popov determinant. Since J 
is hermitian, we can define ., a 'hermitianizcd' momentum conjugate to A%^^ by 



n^u(r) = J'^-V] ' (r)J-t and n°,7(r) = J-^^V] ' {r)J 



-,6T 



bTt/ 



(30) 



By using Eq. H3U|) . we are now able to express the Hamiltonian (iJcOpjjyg in a form in which it is expressed in terms 
of Ag,^ and . We find that (^cOphys = [H]o + [H]i + [H]2, where 



[H]o 



(31) 



[H]i = y dr {.gr^^9.v4g,^.(r)A^,,(r)A^,^.(r) + igV'^''7"'''^'4i.(r)^a„(r)4u(r)^^'„(r) 
-jT(r)Ag„(r)}-i /'drdxdy(j„^(x)+j[;[G,)(x)) P^'' (x, r)a2l?-(r, y) (j§(y) + JS[gi) (y) 



(32) 



and [H]2 -W + V + i /drdxrfy(*k|5(x)P''" (x, r)a2p-(r, y) ( j-(y) + (y)) 



(GI)V 



(jo'(x) + j;;[ci)W) I^^'' (x,r)92p-(r,y)zkC(y) + kg(x)P^'^ (x, r)92p-(r, y)kg(y) 



(33) 



where Jp^gi) = 5/°'"^^gi i^i^ ^ ^'^'i hermitian. and V are compficated expressions that are given exphcitly in 
Appendix E of Ref. The sum [H]o + [H]i is identical in form to the Coulomb-gauge QCD Hamiltonian used by 
Gribov, ^3 ^ as by numerous other authors who have followed him in using this Hamiltonian. [H]2 consists 
of additional terms that are required because the transverse gauge-invariant negative chromoelectric field Hq^ is not 
hermitian. In Ref. we prove that [H]2 accounts for the 'extra' nonlocal interactions noted by Christ and Lee, 
beyond those included in the Coulomb-gauge Hamiltonian used in earlier work, for example in Ref. lOj. We thus 
have been able to connect these extra nonlocal interactions with the nonhermiticity of the transverse H^i'^ . 

We are able to eliminate the restriction that this Hamiltonian only be used with the very complicated \^) states 
that implement the non-Abelian Gauss's law, by demonstrating an isomorphism based on the fact that 'Pj'^(y) and 
j(x) obey the same commutation rules 



[^G„(y) ,^Gu(x)] = {vY{y),Vf{^)\ = 0, and [V^ {y) = 



did J 



<5(x - y) (34) 



as do the transverse Weyl-gauge fields Hj^(y) and y4°^(x), We are therefore able to represent AQj(x) and 7'j'^(y) 
in terms of particle creation and annihilation operators in a completely parallel way as is standard for ^(x) and 

i 



H5^(y), namely 



Al,,{v) = ^ [<(k)e*'^-"- + <nk)e-'^-"-] and Vt\v) = ^."(k)^! [<(k)e 

k, n k, n 



<T(k)e- 



where n is summed over two transverse helicity modes and 

<(k),a,'^(q)l =5n,l6a,b5^,,^ and [<(k),a^(q)] = \al\\i) ,a\\ci) 



(35) 



(36) 



Since an identical set of relations exists between the transverse Weyl-gauge fields AJ^(r) and H^^(r) and a set of 
excitation operators a^(k) and aj^^(k) which also obey the commutation rules in Eq. H3()|l . 



^^(r) = ^ K(k)e''^-"- + a^t(k)e-»k.r] ^^^^ ^^(r) = -*E^'"W\/f [<(k)e^'^-"" " «n^(k)e-^'^-"-] 

k. n k, n 



(37) 
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we can use Eq. (|29|) to show that 

<t(k)^-^*|0,) = j7-5^a^t(k)|0^) and <(k):7-^*|0,) = <(k)|0,) . (38) 

Any a^(k) wiU annihilate the gauge-invariant vacuum state i/^^5'S|0), because the transverse excitation operators 
aj^(k) and a^j^(k) commute with S and a^(k) triviaUy annihilates S|0). 

At this point, we can establish an isomorphism between two Fock spaces: The 'standard' Weyl-gauge Fock space 
consists of 

|k)=a^t(k)|o), ... |ki...k,...k^) = ^K;t(k^)...„c.j(]^^)...^c„t(k^)]|0); (39) 

and the gauge-invariant states that implement the non-Abelian Gauss's law can be represented as 

\k) = ^al\k)J-imO) ■■■ |ki---k.---kAr) = ^K/(ki)...a^/(kO---<^t(k^)]^-ivl,S|0) (40) 

where |0) designates the perturbative vacuum annihilated by ajj(k) as well as by the annihilation operators for quarks 
and antiquarks, qp^s and ijp s respectively. The normalization constant must be introduced to compensate for 
the fact that |Cp = \ J-2\iJE\0)\^ = {0\E*'i'*J-^^'E\0), which formally is a universal positive constant, is not finite; 
and the state J^^^\liE\0) is not normalizable. However, once C is introduced, the |ki • • • k^ • • • Eat) states form a 
satisfactory Fock space that is gauge-invariant as well as isomorphic to the space of |ki . . . k^ . . . kjv) states. We can 
now use Eq. H35|l to express [H]o as 

[H]o = J2 fc«n^(k)a^„(k) (llsQp.s + qls<ip.s) . (41) 

k,c p,s 

In this form, [H]o can be seen to describe the energy of non- interacting gauge-invariant transverse gluons of energy 
k and quarks and anti-quarks respectively of energy £p = ^ in? + |pp. We can also define another Hamiltonian, 
H, — Ho + Hi + H2, in which each component part is identical in form to [H]o + [H]i + [H]2 respectively, but with the 
substitutions 

V^^^U^^ and 

everywhere — including the replacement of Aq^^ by A°;~^ in the inverse Faddeev-Popov operator I?°''(x, y) — so that 
H is characteristic of the Coulomb gauge, but nevertheless is a functional of transverse Weyl-gauge unconstrained 
fields. For example. Ho is 

Ho = J dr[ln-^{r)Uf^{r) + lFt^ir)F^-jir)+ij^{v)ipm-ta,d,)i:{r)\ (42) 
where J™ = djA"; — diAj. Using Eq. (|37|l . we can express Ho in the form 

Ho^Y. '=<^(k)<(k) + E (9p-«P^- + 9^,«9p^-) ' (43) 

k,c p-s 

and use Eq. (|38|l to establish that 

[H]oJ-HE\n)=J-HEHo\n), [H]iJ-HE\n)^J-HEHi\n), and [Hlz^^H S|7i) = S Hzin) . 

(44) 

We can use the relations between Weyl-gauge and gauge-invariant states we have established in the preceding 
discussion to extend the isomorphism we have demonstrated to include scattering transition amplitudes. For this 
purpose, we define 

Hint=Hi+H2 and [H]i„t = [H]i + [H]2 . (45) 
The transition amplitude between gauge-invariant states is given by 



T/,. = ^{m*^*J-i < [HU + [H]inty — ^[H]i„t } J-^^m^) , (46) 

I E, - (i/Gl)phys 
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where |i) and |/) each designate one of the \n) states; \i) represents an incident and |/) a final state in a scattering 
process. With the results of the preceding discussion, we can express this as 

= ^(0|S^*V-*S|0)(/| K) (47) 

where we sum over the complete set of perturbative states The second line of Eq. H47|) follows from 

^{f\E*^^J-'^E\n) = ^{0\aj{kf)E*^*J-'^Eai{K)\0) = -1^{0\E*^* J-i af{kf)ai{K,)J-Hm = 

Sf^nS{kf - k„)ij(0|S**V-^*S|0) - ^m*M>*J-^al{K)af{kf)J-HE\0) (48) 

and the observation that the last term on the second line of Eq. H48|) vanishes trivially. With the isomorphism of the 
states |ki • • • • • • k^r) and |ki • • • ki • • • k]\r) that we have established, 

T/,. = Tf,^ (49) 

where 



Tf,^ = (/I n,nt + ^intT^J^-T^ -T^int N) (50) 

(-tLi - no — rtint + le) J 

is a transition amplitude that can be evaluated with Feynman graphs and rules, because it is based on 'standard' 
perturbative states that are not required to implement Gauss's law and need not be gauge-invariant. 

The formulation of Weyl-gauge QCD in terms of gauge-invariant fields leads to the Hamiltonian (-??Gi)phys gi'^^n 
in Eqs. H31() - (|33|l and the demonstration of physical equivalence to Coulomb-gauge QCD. But the demonstration 
that this Hamiltonian is useful in actual calculations depends on the further demonstration of the isomorphism that 
identifies (^^Gi)phys ^^^^ H = Ho + Hi + H2 and the development leading up to Eq. 
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